The motion of a relativistic electron is analyzed in the field configuration consisting of a constant-amplitude helical wiggler magnetic field, a uniform axial magnetic field, and the equilibrium self-electric and self-magnetic fields produced by the nonneutral electron beam. By generating Poincar6 surface-of-section maps, it is shown that the equilibrium self fields destroy the integrability of the motion, and consequently part of phase space becomes chaotic. In particular, the Group-I and Group-II orbits can be fully chaotic if the self fields are sufficiently strong. The threshold value of the self-field parameter e = W%/4Q' for the onset of beam chaoticity is determined numerically for parameter regimes corresponding to moderately high beam current (and density). It is found that the characteristic time scale for self-field-induced changes in the electron orbit is of the Although there is a considerable literature on the theory of free electron lasers, all treatments heretofore have neglected the influence of the equilibrium self fields 2 3 of the (nonneutral) electron beam. While such an approximation is valid for low-current FEL
INTRODUCTION
The free electron laser (FEL)'-3 makes use of the unstable interaction of a relativistic electron beam with a transverse wiggler magnetic field to generate coherent electromagnetic radiation. 4 8 In recent experiments, 9~1 3 megawatts to gigawatts of coherent radiation have been generated in the submillimeter to millimeter wavelength range. In addition, theoretical and experimental investigations 4 14-1 7 have shown that free electron lasers have several remarkable properties, including frequency tunability, high efficiency, high power, and optical guiding by the electron beam. Several FEL experiments1-13 operate at moderately high beam current and make use of a magnetic guide field Boj.
to steer the electron beam in the axial direction. The helical wiggler magnetic field B,(X-) = -B,,(,cos k~,z + -sin kz) and the axial guide field BOFz then act in combination to affect the particle motion and determine the detailed properties of the free electron laser interaction.1 8 -2 2 (Here, B. = const. and A, = 27r/k. = const. are the wiggler amplitude and wavelength, respectively.) This paper examines the electron orbits in a helical-wiggler free electron laser with axial guide field including the effects of the equilibrium electric and magnetic self fields 23 produced by the beam space charge and current.
Although there is a considerable literature on the theory of free electron lasers, all treatments heretofore have neglected the influence of the equilibrium self fields 2 3 of the (nonneutral) electron beam. While such an approximation is valid for low-current FEL
operation, the present analysis shows that equilibrium self-field effects play a significant role in altering the electron dynamics when the beam current Ib approaches the multikiloampere range. As an example, for beam radius rb = 0.31cm, axial guide field B 0 = 14.2kG, wiggler amplitude B, = 710G, wiggler wavelength A, = 27r/km = 3.0cm, and relativistic mass factor yt = 3.0, it is shown in Sec. IV that the inclusion of equilibrium self-field effects causes fully developed chaoticity in the electron orbits whenever the 2 beam current lb exceeds the threshold beam current Ih = 4.3kA. This behavior is very different from the case where the self-electric and self-magnetic fields of the electron beam are (arbitrarily) neglected. If the equilibrium self fields are neglected, then the motion of an electron in the combined helical wiggler and axial magnetic fields is integrable and has been extensively analyzed in the literature.' 2 2 In this approximation, self-consistent Vlasov-Maxwell equilibria21 can be constructed using the single-particle constants of the motion to analyze FEL stability properties for various equilibrium profiles.
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A Hamiltonian system with N degrees of freedom is integrable if it has N independent constants of motion in involution, i.e., the Poisson bracket of any pair of them vanishes.
If the number of constants is less than N, then the motion is nonintegrable and part of phase space is chaotic in the sense that adjacent initial conditions lead to exponentially divergent trajectories. Typically, however, there are also regular regions in phase space, consisting of the Kolmogorov-Arnold-Moser (KAM) surfaces that limit the chaotic regions of phase space. 2 4 2 The breakup of the KAM surfaces results in chaotic transport from one region to another, and thus the chaoticity spreads. The Poincar6 surface-of-section method is useful in analyzing nonintegrable systems because the dimensionality of the Poincar6 surface is M -1 if the motion occurs in an M-dimensional phase space.
In this paper, we analyze the motion of a relativistic electron in the field configuration consisting of a constant-amplitude helical wiggler magnetic field B.(z), a uniform axial magnetic field Boe., and the equilibrium self-electric and self-magnetic fields produced by a uniform-density nonneutral electron beam with radius rb, density nb, and average axial velocity V = const. It is shown that the motion is nonintegrable, possessing only two independent constants of the motion. Poincarx surface-of-section plots are generated to demonstrate the nonintegrability and chaoticity of the motion. 
with A, = B2/h. = const. The mechanical momentum jY is related to the canonical momentum 5 by
Because H is independent of time, the Hamiltonian is a constant of the motion, i.e.,
H(x, y, z, P., P,,, P.) = -ymc 2 _ e-, = canst,
corresponding to the conservation of the total energy of an individual electron.
In order to find an additional constant of the motion and determine the resonances we have performed a number of canonical transformations (see Appendix A).
"
The resulting transformation to the new variables (W, 0, z', P, P0, P.,) is given by
where S1 = eBo/mc is the nonrelativistic cyclotron frequency. We shall shown in Sec.
III that the canonical momenta P. and P characterize, respectively, the gyroradius and the guiding center radius of the steady-state orbits in the absence of the self fields. The
Hamiltonian in the new variables (V, 4P, z', P,, Pp, P 2 ,) is given by 1 e41 
The dimensionless parameter e characterizes the strength of the equilibrium self fields relative to the focusing force produced by the axial gdide field Boe,.
We introduce the dimensionless parameters and variables defined by
Therefore, the Hamiltonian defined in Eq. (14) can be expressed in the dimensionless 
Because H is independent of ', it follows that P., = const.
In the r = 0 limit, where equilibrium self fields are neglected, it follows that 4, = 0 in Eq. (18) and the motion is integrable because Pk is a third constant of the motion.
This limit has been analyzed extensively in the literature18- 22 and provides the traditional starting point in the formulation of FEL stability theories with an axial guide field BoF.. 20 When e $ 0, however, we shall show in Sec. IV that the motion becomes nonintegrable, with only two independent constants of the motion, k and 1 .. As the self fields increase in intensity, the chaotic regions in phase space grow, thereby raising the question of how the self fields alter the stability properties of the FEL interaction. becomes singular as BO -0.] The effects of equilibrium self fields on the particle orbits in FEL configurations without an axial guide field are also under investigation, and the results will be the subject of a subsequent paper.
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III. INTEGRABLE LIMIT
In the c = 0 limit, the self-field contribution vanishes (<i 0), and the Hamiltonian in Eq. (18) reduces to
which possesses the constants of the motion P,,, P, and -yo. The motion described by Eq. (20) is integrable and has been analyzed by several authors.
18-22
The fixed points, or steady-state orbits, denoted by 'po and i5O, satisfy the steadystate equations of motion Figure 1 shows the typical magnetic field dependence of P3zo for the integrable steady-state orbits, where the dotted straight line represents magnetoresonance (P., 0 c). The phase-space structure is plotted in Fig. 2 for the two cases 0 < nc < ni and ne > ng, where the elliptic (hyperbolic)
fixed points correspond to the stable (unstable) steady-state orbits. In FEL operation, an electron beam is injected into the Group-I or Group-II orbit whenever 0 < nc < A7 or QC > nL . Also, a cold beam with narrow energy spread is desirable to achieve high gain.
The canonical momenta P, and PO can be interpreted as follows. From Eqs. (20) and ( 
for cos Vo = ±1. Equations ( 
where
and the zero-order Hamiltonian AO =yo defined in Eq. (20) Figure 4 shows plots of the resonance curves (the solid curves) corresponding to the solutions to Eq. (38) for n = -1, -2 and -3. The dashed curves in Fig. 4 are the integrable steady-state orbits calculated in Fig. 1 . In Fig. 4 , the intersections (marked by the dots) between the integrable stable orbits and the resonance curves labeled by the integer n correspond to rational orbits. That is, the electron rotates through an angle of 27r/n about the fixed point as 4 advances by 27r. It readily follows from Eqs. (20), (34) and (36) that the normalized resonance width tib of P, can be estimated by
or equivalently,
center radius, respectively, as illustrated in Fig. 3 proportional to (r/rb)1/2, so that the resonance width is largest for electrons with guiding center radius r, approaching the beam radius rb. In addition, the factor r./ 2 in Eq. (40) is proportional to 1P.o -'-1, which becomes increasingly large near magnetoresonance. Fig. 5 , the beam radius rb is assumed to be sufficiently large that the maximum radial excursion of an individual electron remains within the electron beam, where the self fields are described by Eqs. (2) and (3). In addition, the initial condition for PO is fixed at the value (2P/o/nc ) 1 / 2 = 0.25, whereas the initial condition for P, is allowed to vary in Fig. 5 . By comparing Fig. 5(a) with Fig. 2(a) , although there is little change in the vicinity of the Group-I orbit, it is evident that the Group-II orbit is chaotic as a result of equilibrium self-field effects. This agrees qualitatively with the scaling relations in Eqs. (39) and (40) because the Group-I orbit is further removed from magnetoresonance than the Group-II orbit. In Fig. 5(b) , a period-two island appears near the Group-II orbit. This is also in agreement with the earlier resonance analysis because the Group-II orbit nearly intersects the resonance curve with n = -2 at nc 4.0 in Fig. 4 . Although the nonintegrability and chaoticity of the motion are evident in Fig. 5 , the Group-I orbit in Fig. 5(a) and the Group-Il orbit in Fig. 5(b) remain almost regular. That is, the equilibrium self fields (F = 0.01) in Fig.   5 are not sufficiently strong to cause significant chaoticity in the particle orbits.
The onset of chaoticity of the Group-Il orbit is shown in the surface-of-section plot in 
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Here, e is the self-field parameter defined in Eq. (16). Finally, the canonical transformation,
with the generating function The dashed curves are the integrable steady-state orbits calculated in Fig. 1, and the dots signify the intersections between the resonance curves and the steady-state orbits. 
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